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$\{\begin{array}{l}(-D^{2}+a^{2})^{2}u+iaR[V(-D^{2}+a^{2})+V’’]u=\lambda(-D^{2}+a^{2})u on \Omega=[x_{1}, x_{2}]u(x_{1})=u(x_{2})=u’(x_{1})=u’(x_{2})=0\end{array}$ (1)
. , Orr [5]
Sommerfeld[8] .
Orr-Sommerfeld (1) $\lambda$ $u$ 1 .
, Poiseuille (1)
$V=1-x^{2}$ , $\Omega=[-1,1|$ (2)
. (1) , $\lambda$
. , $\lambda$ $\psi$ ,
. , (1) $\lambda$ $R$ Reynolds
$R_{c}$ , , a $a_{c}$ . Orszag [6] , Chebyshev ,
(2)




, . Lahmann-Plum [2, 3] Blasius
, Poiseuille .
, $a,$ $R>0$ (1) $\lambda$ , $\lambda$ ,
$R$ .
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$\tilde{\Delta}:=-D^{2}+a^{2}$
, (1) (3) .
$\{\begin{array}{l}\tilde{\Delta}^{2}u+iaR(V\overline{\Delta}+V^{l/})u=\lambda\tilde{\Delta}u on \Omega,u(-1)=u(1)=u’(-1)=u’(1)=0.\end{array}$ (3)
, $v,$ $w$ $\sigma,$ $\mu$ $u,$ $\lambda$
$\{\begin{array}{l}u =v+iw,(4)\lambda =\sigma+i\mu\end{array}$
. (4) (3) , .
$\{\begin{array}{l}\tilde{\Delta}^{2}v-aR(V\tilde{\Delta}+V’’)w=\sigma\tilde{\Delta}v-\mu\tilde{\Delta}w on \Omega,\tilde{\Delta}^{2}w+aR(V\tilde{\Delta}+V’’)v=\sigma\tilde{\Delta}w+\mu\tilde{\Delta}v on \Omega,v(-1)=v(1)=v’(-1)=v’(1)=0,w(-1)=w(1)=w’(-1)=w’(1)=0.\end{array}$ (5)
2
$L^{2}(\Omega)$ $\Omega$ 2 , $(\cdot,$ $\cdot)_{L^{2}}$ $\Omega$ $L^{2}$ - , $\Vert v\Vert:=\sqrt{(v,v)_{L^{2}}}$ $\Omega$ $L^{2_{-}}$
, $\Vert v\Vert_{\infty}$ $:= ess\sup_{x\in}|v(x)|$ $\Omega$ $L^{\infty}\sim$ , $H^{k}(\Omega)$ $k$ $L^{2}(\Omega)$
, $\Vert v\Vert_{H^{k}}:=\sqrt{\sum_{j=1}^{k}\Vert\frac{djv}{dxJ}\Vert}$ . ,
$H_{0}^{2}(\Omega):=\{v\in H^{2}(\Omega)|v(-1)=v’(-1)=v(1)=v’(1)=0\}$
, $\Vert v\Vert_{\overline{\Delta}}:=\Vert\tilde{\Delta}v\Vert$ $\Vert v\Vert_{H^{2}}$ $H_{0}^{2}(\Omega)$ , $H_{0}^{2}(\Omega)$ $(\tilde{\Delta}v,\tilde{\Delta}w)_{L^{2}}$
Hilbert . , (5) $X$ $X:=H_{0}^{2}(\Omega)\cross$
$H_{0}^{2}(fl)\cross \mathbb{R}xR$ , $X$
$|1[v,w,\sigma,\mu]^{T}$ $lx$ $;=\sqrt{\Vert v\Vert_{\Delta}^{2}+\Vert w\Vert_{\Delta}^{2}+\sigma^{2}+\mu^{2}}$
Banach .
$\tilde{\Delta}$
$(\tilde{\Delta}v, w)_{L^{2}}=(v,\tilde{\Delta}w)_{L^{2}}$ , $\forall t^{1}\in H_{0}^{2}(\Omega),$ $\forall w\in H^{2}(\Omega)$ ,
$(\tilde{\Delta}v,\tilde{\Delta}w)_{L^{2}}=(\tilde{\Delta}^{2}v, w)_{L^{2}},$
$\forall v\in C_{0}^{\infty}(\Omega),$ $w\in H_{0}^{2}(\Omega)$
. $C_{0}^{\infty}(\Omega)$ $\Omega$ , $x=-1,$ $x=1$ $0$
. , $C_{0}^{\infty}(\Omega)$ $H_{0}^{2}(\Omega)$ , (5)
. (6) 3,4 .
12
Given ($x,$ $R,$ $\xi_{R},$ $\xi_{I}\in \mathbb{R},$ $v_{0},$ $w_{0}\in H_{0}^{2}(\Omega)$ and $V\in C^{2}(\overline{\Omega})$ , find $[\iota), w, \sigma, \mu]^{T}\in X$ such that
$\{\begin{array}{ll}(\overline{\Delta}v,\tilde{\Delta}\xi)_{L^{2}} = (aR(V\tilde{\Delta}+V’’)w+\sigma\tilde{\Delta}v-\mu\tilde{\Delta}w, \xi)_{L^{2}}, \forall\xi\in H_{0}^{2}(\zeta\}),(\tilde{\Delta}w,\tilde{\Delta}\eta)_{L^{2}} = (-aR(V\tilde{\Delta}+V^{l/})v+\sigma\tilde{\Delta}w+\mu\tilde{\Delta}v, \eta)_{L^{2}}, \forall\eta\in H_{0}^{2}(\Omega),(v, v_{0})_{L^{2}} = \xi_{R}, (w, w_{0})_{L^{2}} = \xi_{I}. \end{array}$ (6)
, $X$ $L^{2}(\Omega$ $)$ $fi,$ $f_{2}$
$fi[v, u’, \sigma, \mu]^{T}:=aR(V\tilde{\Delta}+V’’)w+\sigma\tilde{\Delta}v-\mu\overline{\Delta}w$, (7)
$f_{2}[v\}uf, \sigma, \mu]^{T}:=-aR(V\tilde{\Delta}+V’’)v+\sigma\tilde{\Delta}w+\mu\tilde{\Delta}v$ (8)
. $f_{1},$ $f_{2}$ $X$ $L^{2}(\Omega)$ .
, $g\in L^{2}(\Omega)$ ,
$\{\begin{array}{l}\overline{\Delta}^{2}\omega =g\omega(-1) =\omega(1)=\omega^{l}(-1)=\omega’(1)\end{array}$ (9)
$\omega\in H^{4}(\Omega)\cap H_{0}^{2}(\Omega)$ . $g\in L^{2}(\Omega)$ (9) $\omega\in H^{4}(\Omega)\cap H_{0}^{2}(\Omega)$ ,
$H_{0}^{2}(\Omega)$ $(\overline{\Delta}^{2})^{-1}$ . $f_{i},$ $f_{2},$ $(\tilde{\Delta}^{2})^{-l}$ , $F:Xarrow X$
.
$F[v, w, \sigma, \mu]^{T}:=\{\begin{array}{l}(\overline{\Delta}^{2})^{-1}f_{1}[v.w,\sigma,\mu]^{T}(\overline{\Delta}^{2})^{-1}f_{2}[v,w,\sigma,\mu]^{T}\sigma-(v,v_{0})_{L^{2}}+\xi_{R}\mu-(w,w_{0})_{L^{2}}+\xi_{I}\end{array}\}$ . (10)
, $F$ $X$ compact , (6) $F$ :
$F[v, w, \sigma, \mu]^{T}=[v, w, \sigma, \mu]^{T}$
. , $A$ , $U$ $AU$
$AU:=$ $\{$Au $|u\in U\}$
, Schauder , $U\subset X$
$FU\subset U$
, $u=Fu$ $F$ $u$ $U$ .
3





$x_{k}=-1+2k/K(k=0, \ldots , K)$ . , $h:=2/K$ . $H_{0}^{2}(\Omega)$
$S_{h}$
$\phi_{n}(x_{m})=\delta_{nm}$ , $\phi_{n}’(x_{m})=0$ , $\psi_{n}(x_{m})=0$ , $\psi_{n}^{l}(x_{m})=\delta_{nm}$ $1\leq n\leq K-1$ , $0\leq m\leq K$
$2(K-1)$
$S_{h}$ $:=$ span$\{\phi_{n}(x),$ $\psi_{n}(x)\}$ $n=1,$ $\ldots,$ $K-1$
. $\phi_{n}(x),$ $\psi_{n}(x)$ :
$\Phi(x)=\{\begin{array}{l}(x+1)^{2}(1-2x) -1\leq x\leq 02x^{3}-3x^{2}+1 0\leq x\leq 10 otherwise,\end{array}$ $\Psi(x)=\{\begin{array}{l}x(x+1)^{2} -1\leq x\leq 0x(1_{0}x)^{2} 0\leq x\leq 1\end{array}$
otherwise
(11)
$\phi_{n}(x)=\Phi(\frac{K}{2}(x+1)-n)$ , $\psi_{n}(x)=\frac{2}{K}\Psi(\frac{K}{2}(x+1)-n)$ $n=1,$ $\ldots,$ $K-1$
.
, $P_{h}$ : $H_{0}^{2}(\Omega)arrow S_{h}$
$(\tilde{\Delta}(v-P_{h}v),\overline{\Delta}v_{h})_{L^{2}}=0$, $\forall v_{h}\in S_{h}$ (12)
. , $P_{h}$ .
Lemma 1 $\forall g\in L^{2}(\ddagger l)$ , (9) $\omega$ $P_{h}\omega$ apriori :
$\Vert\omega-P_{h}\omega\Vert_{\tilde{\Delta}}\leq C\Vert g\Vert$ , (13)
$\Vert\omega-P_{h}\omega\Vert\leq C^{2}\Vert g\Vert$ (14)
.
$C:= \frac{4\sqrt{3}}{(\pi K)^{2}}(1+\frac{4a^{2}}{(\pi K)^{2}})$ . (15)
4
, Schauder ( )
[4] . , $X,$ $S_{h},$ $H_{0}^{2}(\Omega)$ $I$ .
$X$ $X_{h}$
$X_{h}:=S_{h}\cross S_{h}x\mathbb{R}\cross \mathbb{R}$
. (12) , $X$ $X_{h}$
$\hat{P}_{h}[v, w, \sigma, \mu]^{T}:=[P_{h}v, P_{h^{11)}}, \sigma_{:}\mu]^{T}$
. , $\hat{P}_{h}$
$X_{*};=\{[v_{*},$ $w_{*},$ $0,0]\in X|v_{*}=(I-P_{h})v,$ $w_{*}=(I-P_{h})w,$ $v\in H_{0}^{2}(\Omega),$ $w\in H_{0}^{2}(\Omega)\}\subset X$
14
. , $P_{h}$ , $u=[v, w, \mu, \sigma]^{T}\in X$ $X_{h}$ X
$[v, w, \mu, \sigma]^{T}=[\hat{v},\hat{w}, \mu t\sigma]^{T}+[v_{*}, w_{*}, 0,0]^{T}$, $[\hat{v},\hat{w}, \mu, \sigma]^{T}\in X_{h},$ $[v_{*}, w_{*}, 0,0]^{T}\in X_{*}$
.
, $X$ $u=Fu$
$\{\begin{array}{l}\hat{P}_{h}u = \hat{P}_{h}Fu,(I-\hat{P}_{h})u = (I-\hat{P}_{h})Fu\end{array}$ (16)
. (16) , $[v, w, \sigma, \mu]^{T}=F[v, w_{J}\sigma, \mu]^{T}$
$\{\begin{array}{l}[Matrix] = [\sigma-(v,v_{0})_{L^{2}}+\xi_{R}’[((II--00P_{h}P_{h}))vw] = [\{_{I-P_{h})(\tilde{\Delta}^{2})^{-1}f_{2}[v,w_{I}\sigma_{l}/A]^{T}]}^{I-P_{h})(\overline{\Delta}^{2})^{-1}f_{1}[v,w,\sigma,\mu]^{T}}00\end{array}$
.
, $u_{h}=[v_{h}, w_{h}, \sigma_{h}, \mu h]^{T}\in X_{h}$ , Newton-like :
$\mathcal{N}_{h}u:=\hat{P}_{h}u-[I-\hat{P}_{h}F’(u_{h})]_{h}^{-1}\hat{P}_{h}(I-F)u$ : $Xarrow X_{h}$
. , $[I-\hat{P}_{h}F’(u_{h})]_{h}^{-1}$ : $X_{h}arrow X_{h}$ $\hat{P}_{h}(I-F’(u_{h}))$ : $Xarrow X_{h}$ $X_{h}$




$\{\begin{array}{l}\hat{P}_{h}u = \mathcal{N}_{h}u,(I-\hat{P}_{h})u = (I-\hat{P}_{h})F\uparrow x\end{array}$
. , $X$ compact $T$
$Tu:=\mathcal{N}_{h}u+(I-\hat{P}_{h})Fu$
, $u=Fu$ $u=Tu$ .
. $X_{h}$ $X_{*}$ $X$ $U$
$U_{h};=\{[\hat{v}_{h},\hat{w}h,\hat{\sigma},\hat{\mu}]^{T}\in X_{h}|\Vert\hat{v}_{h}\Vert_{\overline{\Delta}}\leq\gamma,$ $\Vert\hat{w}_{h}\Vert_{\tilde{\Delta}}\leq\delta,$ $|\hat{\sigma}|\leq c_{1},$ $|\hat{\mu}|\leq c_{2}\}$ ,





$\{\begin{array}{l}\mathcal{N}_{h}U-u_{h} \subset U_{h}(I-\hat{P}_{h})FU \subset U_{*}\end{array}$ (17)
, $U$ $T$ .
, (17) $X$ $U$ .
$U=u_{h}+U_{h}+U_{*}\subset X$
$\mathcal{N}_{h}U-uh=[V_{h}, W_{h}, \Sigma, M]^{T}\subset X_{h}$









(17) $(I-\hat{P}_{h})FU\subset U_{*}$ ,
$[((II–00P_{h}P_{h}))wv]=[(-P_{h})0(:^{-P_{h})}\{\tilde{\Delta}^{2})^{-1}f_{1}[li,v),$$\sigma,/x]^{T}0$
, , .
$u\in U$ $u=[v, w, \sigma, \mu]^{T}$ , ,
$\hat{v}_{*}=(I-P_{h})(\tilde{\Delta}^{2})^{-1}f_{1}[v,$
$w,$ $\sigma_{j}\mu]^{T}$ ,
. $=(I-P_{h})(\check{\Delta}^{2})^{-1}f_{2}[v, u, \sigma, \mu]^{T}$
, Theorem 1
$\Vert\hat{v}_{*}\Vert_{\overline{\Delta}}\leq C\Vert f_{1}(u)\Vert$ , $\Vert\hat{w}_{*}\Vert_{\overline{\Delta}}\leq C\Vert f_{2}(u)\Vert$ , $\Vert\hat{v}_{*}\Vert\leq C^{2}\Vert f_{1}(u)\Vert$ , $\Vert\hat{w}_{*}\Vert\leq C^{2}\Vert f_{2}(u)\Vert$
. , $(I-\hat{P}_{h})FU\subset U_{*}$ ,
$C_{\frac{S}{u}}up\Vert f_{1}(u)\Vert\in U\leq\alpha$ , $C_{\frac{s}{u}}up\Vert f_{2}(\overline{u})\Vert\in U\leq\beta$
.
, .
Theorem 2 $u_{h}\in X_{h}$ , $U_{h}\subset X_{h},$ $U_{*}\subset X_{*},$ $U\subset X$
$U_{h};=\{[\hat{v}_{h},\hat{w}_{h},\hat{\sigma},\hat{\mu}]^{T}\in X_{h}|\Vert\hat{v}_{h}\Vert_{\overline{\Delta}}\leq\gamma,$ $\Vert\hat{w}_{h}\Vert-\triangle\leq\delta,$ $|\hat{\sigma}|\leq c_{1},$ $|\hat{\mu}|\leq c_{2}\}$ ,
$U_{*};=\{[v_{*},$ $w_{*},$ $0,0]^{T}\in X_{*}|\Vert v_{*}\Vert_{\tilde{\Delta}}\leq\alpha,$ $\Vert v_{*}\Vert\leq C\alpha,$ $\Vert w_{*}\Vert-\triangle\leq\beta,$ $\Vert w_{*}\Vert\leq C\beta\}$ ,
$U:=u_{h}+U_{h}+U_{*}$ ,
, $\mathcal{N}_{h}U-u_{h}\subset X_{h}$ $S_{h}xS_{h}xRx\mathbb{R}$
$[V_{h}, W_{h}, \Sigma, M]^{T}:=\mathcal{N}_{h}U-u_{h}$
16
. ,






$C_{\frac{S}{u}}up\Vert f_{1}(\overline{u})\Vert\in U\leq\alpha$ ,
$C_{\frac{s}{u}}up\Vert f_{2}(\overline{u})\Vert\in U\leq\beta$
, $T$ $U$ .
Theorem 2 .





$\overline{F\#}$ Set initial values $\gamma^{(0)},$ $\delta^{(0)},$ $c_{1}^{(0)},$ $c_{2}^{(0)},$ $\alpha^{(0)},$ $\beta^{(0)}>0$ . $b^{4}\tau$
$\hat{EE}$ . $k\geq 1$ $\xi^{U}$
$\vec{\alpha}$
1. For a fixed small constant $\epsilon>0$ set $|\vee Y$
$\sigma$
$\gamma^{(k)}’:=(1+\in)\gamma^{(k-1)}$ , $\hat{\delta}^{(k)}:=(1+\epsilon)\delta^{(k-1)}$ , $C_{1^{(k)}}^{\wedge};=(1+\in)c_{1}^{(k-1)}$ ,
$F\sim$
$\eta_{i}:f$
$C^{\wedge}2^{(k)_{;=}}(1+\epsilon)c_{2:}^{(k-1)}$ $\hat{\alpha}^{(k)}:=(1+\epsilon)\alpha^{(k-1)}$ , $\hat{\beta}^{(k)}:=(1+\epsilon)\beta^{(k-1)}$ . $tS\xi_{t}\overline{|}^{f}$
$i$
$[$
2. The k-th candidate set $U^{(k)}$ is defined by
$-\dot{\overline{t}_{\}}b\backslash$
$\neq g$









$\mathfrak{k}\sim\urcorner R$ 3. Evaluate $N_{h}U^{(k)}-u_{h}\subset X_{h}$ as.
$d$ :-H
$\dot{f}$
$[V_{h}^{(k)},$ $W_{h}^{(k)},$ $\Sigma^{(k)},$ $M^{(k)}|^{T}:=\mathcal{N}_{h}U^{(k)}-u_{h}$ .
$f_{\backslash }^{\backslash }$





























$\Delta$ 5. If $\gamma^{(k)}\leq\hat{\gamma}^{(k)},$ $\delta^{(k)}\leq\hat{\delta}^{(k)},$ $c_{1}^{(k)}\leq c_{1}^{\wedge(k)},$ $c_{2}^{(k)}\leq C^{\wedge(k)}2,$ $\alpha^{(k)}\leq\hat{\alpha}^{(k)},$ $\beta^{(k)}\leq\hat{\beta}^{(k)}$ hold then stop, and there5




6. Set $k:=k+1$ and return to the step 1. If $k$ reaches a maximum iteration number or some values exceed .
$\wedge L$
$t$ a criterion then stop, and the verification fails.
$-$
$\aleph.-*=5-\sim R-R_{\wedge>}^{arrow---arrow\overline{.}\sim-\approx}\approx\backslash u---\vee s_{\overline{r}}\frac{\infty}{}\overline{\cdot I}-arrow-=\infty’--L\cdot-\cdot\cdot--r.\cdot-$
17
1. , $U$ , , . $\gamma^{(k)}$ ,
$\delta^{(k)},$ $c_{1}^{(k)},$ $c_{2}^{(k)},$ $\alpha^{(k)},$ $\beta^{(k)}(k\geq 1)$ . ,
,
. , over-estimate $\gamma^{(k)},$ $\delta^{(k)},$ $c_{1}^{(k)},$ $c_{2}^{(k)},$ $\alpha^{(k)},$ $\beta^{(k)},$ $(k\geq 1)$
, .
2. $\epsilon$ , $\epsilon- inflation$” . $\epsilon>0$
.
3. $\gamma^{(0)},$ $\delta^{(0)},$ $c_{1}^{(0)},$ $c_{2}^{(0)},$ $\alpha^{(0)},$ $\beta^{(0)}>0$ . , $u_{h}$
, Newton
, .




. Sun One Fortran 4
.
1
$R=5775,$ $a=1.02,$ $K=1000$ , $u_{h}$ $X$ :
$U=u_{h}+U_{h}$ $U_{*}$ , $U_{h}=[V_{h},$ $W_{h},$ $\sum,$ $M]^{T}$ , $U$. $=[V_{*},$ $W_{*},$ $0,0]^{T}$ ,
. .
$\Vert V_{h}\Vert_{\overline{\Delta}}\leq 5.388\cross 10^{-4}$ , $\Vert W_{h}\Vert_{\overline{\Delta}}\leq 5.523\cross 10^{-4}$ ,
$\Vert V_{*}\Vert_{\overline{\Delta}}\leq 6.587x10^{-3}$ , $\Vert W_{*}\Vert_{\tilde{\Delta}}\leq 3.867x10^{-3}$ .
,
$\lambda\in[-0.04719, -0.00625]+i$ [1554.56608, 155460797].





$Re(\lambda)=0$ , Reynolds .
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